Exam Discrete Mathematics, October 28th 2011, 09:00h-12:00h
Bachelor program Knowledge Engineering
Bouillonstraat 8-10, rooms 0.009, 0.015 and 2.015

This exam consist of 8 problems, totalling 100 points, which you can solve in any order you like.
Be sure to motivate all your answers with calculations/proofs/arguments.
Good luck!

(53]

(15 points) Use induction to prove the following statements:
(a) Forall integers n>1,  2444+6+...+2n=n4q.
(b) For all integers n > 0, 22" — 1 is divisible by 3.
(10 points) Fill in the truth table for the following logical proposition:
o ((pvr)=4q) = ((mgAp) =7)
(15 points) Prove or disprove:
e Forallsets A B, and C,if ANCCBNCand AUCC BUC, then AC B. !
(15 points) Let A = {0,1,2,3,4}. Prove or disprove:
(a) Vze A)Fye Az < (y+1)? <z +2)
(b) (Fxre A)(Vye A)(y <z —1)

(15 points) Let R be a relation on N defined as follows: =Ry means “z + 3y is even”. Prove or disprove £
that R is an equivalence relation. If it is an equivalence relation, describe its equivalence classes.

(10 points) Let f: N — N and g: N — N be functions defined as follows.

flz) = Z4 il = e
=Y 241 ifz>10

r+2 ifl<z<50
g(x) =

3z ifx >50
Give, in the same style as the definitions for f(z) and g(z), the definition of the function (g o f)(x).

(15 points) Let R = {z € R : z > 0} and let f : RT™ — R* be the function defined as follows, where
*/x refers to the positive square root of x:

Jop TR e
FlEl=k /e L i S 6
(z/8)+12 ifxz>16

Prove that f is invertible. Then give f~! and verify that it is indeed the inverse of f.

(5 points) Let Q be the set of rational numbers. Is (Q NR) x (Z NR) countable or uncountable? Use an
appropriate argument to motivate your answer.



