TCS Lectures
Lecture 1
03-02-2009

Power set:
the set of all subsets


( is always in it


2A = power set of A


|2A | = 2 |A|
Partition:
( is never part of partition 


{  {c,d} , {b,c} } is not a partition, because c is in it twice


We never use functions with continuous variables, always discrete!

n-fold cartesian product:
The product of the sizes of the sets are the number of elements of the product.
n-ary relation:



N = {0,1,2,…}

Subset: { {0,0} , {1,2} , {2,4} , {3,6} } is a binary relation N. 

Example:
N = 2AxB is the set of all binary realtions on A and B.



W = {f | is a function from A to 2B}


N and W are “the same” sets


Let R ( AxB be some binary relation and let ((R) be that function



Reflexive, etc. should hold in all cases (for all A and B)

Assume

i > -i 


( is nonsense you cannot say that i is bigger then -i


0 > -2i



0 < i


i ( i > i ( (-i)


- 1 > 1


    (


Partially ordered, not possible to compare a and b

R is antisymmetric:



If A ( B


if A ( B, then not B ( A



That A and B are not equal is used in the proof.

The empty set ( is minimal in R 

(b,() ( R ( B ( ( ( B = (
Total order: 
if ( a,b ( A



Either (a,b) ( R or (b,a) ( R (or both of a=b)
The set with the multilples of 17 A = (0,17,34,..) and the set of all squares B = (0,1,4,9,…) have the same size. There is a one on one(bijection) mapping between these two sets.

f: A ( B
f(17n) = n2
Also an infite set as a cardinality.

Counting
[image: image2.png]


 , p,q ( Z+
Number of fractions = number of natural numbers

P = [image: image4.png]"



 = [image: image6.png]u |



 ( Z+ is a subset of the fractions, to every integer corresponds a fraction, so it looks like there are many more fractions, but it is not true.

[image: image1.png]


All fractions can be counted in this way. 

The fractions are mapped on the set of natural numbers.

( countably infinite

The Union of (countably) (in)finte number of countably infite sets is countably infinite

Singleton:
set with 1 element

Ramsey theory is base don pigeon hole principle.

The set of 2N is uncountable.

N = {1,2,3,…}

All subsets: 
(, {1}, {2}, {3}……..


{1,2}, {2,3},……


{1,2,3}…………….

This collection of subsets is uncountable.

Proof
Assume that 2N is countable (
2N = {R0 , R1 , R2 , ….}


(
Countable infinite collection of subsets.

D = {n | n ( N, n (Rn}

R0 = {0} then 0 is not in D

R1 = {0,43} then 1 is in D

D ( Ri , ( i

So I created a new subset

Therefore 2N is uncountable ( diagonalization problem is used

Lecture 2

 06-02-2009
Induction proof:

Example: diagonals in a bla is equal to [image: image8.png]2n(n+ D withn=3




Proof: 
i) 
for n = 3 it is true


ii) 
assume true for some n ≥ 3



Number of diagonals in (n+1) = 



 [image: image10.png]“n(n—-3)+n-2+1=-(?-n-2)









(




Between n and 1




is now a diagonal 

and not an edge

By principal of mathematical induction it is true for all n. 

Reflexive, transitive closure: 
closure with respect to the relations reflexive and transitive.

O:
rate of growth, asymptotic behaviour

2n ( O(ni)

2n has a higher rate of growth than any polynomial

Algorithm analyses (p. 34) analysis:

1 step for 1 tuple

n step for 2 tuple

n2 step for 3 tuple

n (1 + n + n2 + … + nn-1)

(
The second for statement 




Error in the book!

N : closed under addition here B = D(see page 37)
N : { 0 … 99 } then it is not closed under addition

40 + 60 is not in N

Consider all strings over (




This set is the transitive closure of ( with respect to concatenation (*.

Alphabets are always finite.

Strings always have a finite length

L* is the closure of L (the kleene star)

Star symbol is used for closure.

Finite language: take a 

But when making sentences you ge tan infinite number of possibilities and these sentences are strings of the language.

{O}* : can also take zero O(empty string)

U : chose between

Choose: {1} ( {0}* or (*

So followed with a choice:

(1 0* U (*)

(* is same as (
(a U b) means a or b 

Some languages can be represented by a regular expression. Often there are more possible regular expressions.

Which language?

c* (a U (bc*))* ( what is between brackets is allowed to be repeated


(
c






All strings over {a,b,c} that do not have the 

c c






substring a. (after you chose an a you always c c c c a






have to pick a b first)  

c c c c b c

c c c c a b c c

There is an infinte number of languages. The class of regular languages is really small.
Lecture 3 + 4
12-02-2009
13-02-2009

Answer bonus exercises:
1.1.2

b.
U {{3},{3,5}, {{5,7},{7,9}}} 

   = 
U {{3},{3,5},{7}}

   = 
{3,5,7}

c. 
({1,2,5} – {5,7,9}) ( ({5,7,9} – {1,2,5})

   = 
({1,2}) ( ({7,9})

   = 
{1,2,7,9}

d. 
2{7,8,9} – 2{7,9}

= 
({{7,8,9},{7,8},{7,9},{8,9},{7},{8},{9},Ø}) – ({{7,9},{7},{9},Ø})

   =
{{8},{7,8},{8,9},{7,8,9}}

e.
2Ø

   =
{Ø}

1.2.1

a. 
{(1,1,1),(1,1,2),(1,1,3),(1,2,1),(1,2,2),(1,2,3)}

b.
Ø

c. =
{{1,2},{1},{2},Ø} x {1,2} 

   =
{( Ø,1), ({1},1),({2},1),({1,2},1),(Ø,2),({1},2),({2},2),({1,2},2)}

1.2.4

An element of {0,1}A is a function

g: A -> {0,1}    i.e.    There is exactly one (a,n) For all aA









and 0 or 1

Take f: {0,1}A -> 2A    such that

f(g) = {a | (a,1) ( g}  (( 2A)

Thus f is a bijection

Proof:

1       if g ≠ h

g and h have different values for some a  A

say g(a) = 0, h(a) = 1

then a(f(g) and a(f(h)

f(g) ≠ f(h)                      so f is one-on-one

2       let S subset equal A

define g(a) = {
1, a(S

       

0, a(S}

Then f(g) = S

So f is onto

3
onto and one-on-one mean bijection
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1.3.1

a.

[image: image53.png]



b.

[image: image54.png]


c.

[image: image55.png]



d.

1.3.2

a. 

R: i.  Not symmetric; for example (2,3)(R but (3,2)(R 

    ii. Not reflexive; for example (5,5)(R

    iii. Not transitive; (3,1)R and (1,5)(R but (3,5)(R 

S: i.  Symmetric; for all (a,b)(S there is an (b,a)(S

    ii. Not reflexive; for example (6,6)(S 

    iii. Not transitive; for example (3,1)(S and (1,5)(S but (3,5)(S

b. 
[image: image11.png]



R(S i.  Not symmetric; for example (6,3)(R(S but (3,6)(R(S 

       ii. Reflexive; (a,a)(R(S for all aR(S

       iii. Not transitive; (1,3)(R(S and (3,2)(R(S but (1,2)(R(S 

1.3.6

a.

i.   Reflexive; since (a,a)(R, because an integer is always divisible by itself.

ii.  Anti-symmetric; if (a,b))(R, then (b,a)(R, except when a=b.

iii. Transitive; for example (3,9)(R and (9,27)(R, then (3,27)(R. A number 

c is always divisible by a number a that can divide number b, that can 

divide c.

Therefore, it is a partial order and it is not a total order, since if we take (5,11)(A, (5,11)(R and (11,5)(R. 

b.

ii.  Not Anti-symmetric; if we take (1,2),(2,1))(R, then ((2,1),(1,2))(R

Therefore, it is not a partial order and it is not a total order.

c.

iii. Not transitive; for example (1,2)(R and (2,3)(R, but (1,3)(R

Therefore, it is not a partial order and therefore no total order.

d.

ii. Not anti-symmetric; (Pig,Cow)(R, but also (Cow,Pig)(R.

Therefore, it is not a partial order and therefore no total order.

e.

i.   Reflexive; since (a,a)(R, then a is always the same as itself. 

ii.  Anti-symmetric; if if one word occurs more, then the other word will 

occur less, so the only way to be symmetric is to be equal.

iii. Transitive; for example (the,man)(R and (man,hexagon)(R, then 

(the,hexagon)(R. This because “the” will always be bigger or equal 

than hexagon if the first two propositions hold.

Therefore, it is not a partial order. It is a total order, since for any two words we take, either one is bigger than the other, or they are equal.

1.4.1

b.

NnCN, Nn contains all subsets such that the sum of integers in such a subset 

 
is equal to n

 Nn is countable (prove yourself)

 N0 …

 N1 …

 

 N2 …



 

  :






  


  :

Alternative: First count the subsets which contain 1 as largest integer. Next count the subsets which contain 2 as largest integer, etc…………

c.

f((i,j,k)) = ½[(I+k)2 + 3I + k]

with I = ½[(i+j)2+3i+j]

1.5.2

3 | n4 – 4n2
Proof:

(*)  3 | n4-4n2, for all n >= 0

a. 3 | 04 – 4 x 02 = 0              (*) holds for n = 0

b. assume (*) for some fixed n (>= 0)

(n+1)4 – 4(n+1)2 = n4 + 4n3 + 2n2 – 4n- 3



       = (n4 – 4n2) + 4n3 + 6n2 -4n – 3

4n3 + 6n2 – 4n = 2n(2n-1)(n+2)

If n=0  mod 3  -> 3

If n=1  mod 3  -> n+2=0 mod 3 -> 3 

If n=2  mod 3  -> …… -> 3

1.5.5

On S is a partial order R. S is finite.

To prove: There is minimal element.

Proof by induction to n(:= |S|)

1. n=1 -> S = {a}

(a,a)(R (reflexivity!)

If (b,a)(R then b=a -> a is minimum

2. Assume statement is true for some n≥1

Let |S| = n+1, and let a (S

Consider the set T: S|{a}

|T|=n

According to induction assumption there is a minimal element bT.

If (a,b)(R, then b is also minimum in S

Let (a,b)(R. We shall prove that now a is minimal element.

Suppose there is an element c(S, such that 

c not= a and (c,a) (R 

      we know (a,b) (R } (c,b) (R

Since c is also in T and since b is minimal in T it follows c=b, and hence (b,a) (R?

This contradiction (a,b)(R and the anti-symmetry of R. So there does not exist such a c? and therefore a is minimal.
 
   









1.5.8

a.

O = {n | n = 2k+1, k element N}

(odd positive integers)

E = {n | n = 2k, k element N}

(even positive integers)

O(E = empty set    |empty set| = 0     finite

P = {p | p is prime}

O(P = set of odd prime -> countable infinite

b.

2N(R = empty set      

finite

(2N(N)((2Nx2N(N) = N

countably infinite

2N(2N = 2N 


uncountable

1.6.7

n[log n] – n2 - n[log n] - 2n – 4n - 22n - nn – 22^n – 22^n+1
Extra info about n!: 

n! <= ann+b, (n e.g. take a=1, b=0

n! ( O(nn)

Assume there are positive integers c and d such that

Nn <= cn!+d, (n <->

A<= c x 1/n x 2/n x … x (n-1)/n x n/n + d/nn, for all n

For n>c+1, we have A(n) < c/(c+1)

(no such that d/(no^no) < 1/(c+1) (lim n->( d/nn = 0)

So, for n > max(c+1, no) we have 

A(n)+d/nn < c/(c+1) + 1/(c+1) = 1

Hence, nn(O(n!) and n!(nn
On the other hand log n! ( log nn(=n log n)(
This can be proved by using Stirling: n! ( (((2n)(n/e)n
Chapter 2: Finite Automata
2.1
Deterministic automata -> A five tuple

M = (K,∑,((,s,F)

(q,w): configuration

q = current state

w  = string left in the table

w is only accepted when M moves to finite state in a finite number of steps.
Expty string is also excepted in example of book page 59

2 different definitions of languages:

· Regular expression:  constructive definition of a language, a recipe for creating strings of the language

· Automaton: to find out whether a string belongs to a particular language.

They approach a language from different ways.

You should define all pairs (q,a) because ( is a function

· So from all states there are as many outgoing edges as there are symbols in the alphabet

2.2
We no longer have a function

L= (ab ( aba)* = {e,ab,aba,abab, ababa, abaab, abaab, ….}

If there is at least one way to accept the string, then it is accepted -> non-deterministic

e

(   
when nothing is read by the reading head.

(ab(aba)*  ,when it is not carried out e is the result

( : k x (∑ ( {e}) x k 
-> alphabet extended with e

M1 and M2 are equivalent if and only if L(M1) = L(M2)

NDFA is not essentially new compared with DFA
2.3
The class of languages accepted by DFA (or NDFA) is the same as the class of regular expressions. 

In proof, it doesn’t matter whether they are deterministic or not. 

L(M)* : e should be accepted by carrying out 0 times the *, make final state to accept e

Intersection, the morgan law is used:

 A – (B(C) = (A – B) ( (A – C)

(B(C) = A – ((A – B) ( (A - C))   
Lecture 5
19-02-2009

2.3
Regular expression: 
generator of language

Automaton:

acceptor of language

You always have to prove both sides when proving that classes are equivalent.

From right to left and left to right.

Regular language: the smallest language that fulfills all requirements. See page 50 and 78. 

R(i,j,n): all strings taking i to j

A finite set always corresponds to a regular expression.

A finite language can always be represented by a regular expression -> just unite all strings in the language -> the expression
1 mod 3 b’s
=
3k+1 b’s

The ? of elimination does not matter 

2.4
See page 86:





n represents string

Divisible by 2:


n = 0 mod 2

Divisible by 3:


n = 0 mod 3

∑* : not a regular expression?

It should be {0,1,…, 9}* to be precise(?)

To decide whether something is divisible by 3 ->count all digits in it and that should be divisible by 3.

Proof 
67812330491:
6    +
 9     +
 4     +
 0
+   …….
100
101
102
103
10 = 1 mod 3

102 = 1 mod 3

The automata cannot count number of (?).

However it can keep track of divisibility in this example.

Lecture 6

20-02-2009

Answer bonus exercises:

1.8.1
a*b

1.8.2
a. 
(a(b)*  
= ∑* 

b. 


= ∑*
c. 


= ∑*

d. 
∑*a

= ∑*

1.8.3
a. 
b* ( b*ab* ( b*ab*ab* ( b*ab*ab*ab*

b. 
b*(ab*ab*ab*)*

c. 
((a ( aa ( b*) b)* aaa (bb*(a ( aa ( b*))*
2.1.2
a. 
a(ba)*

b.
a*b

c. 
all strings with # a’s = # b’s and |# a’s - # b’s| < 2 for all prefixes

d. 
All strings with # a’s = # b’s and |# a’s - # b’s| ≤ 1 for all prefixes

e. 
All strings containing the substring aab or bba or both

2.1.3
a.
[image: image12.png]



b.
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c.
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d.
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e.
[image: image16.png]



1.8.5
a. True

b. True

c. False

d. False

2.2.1
a. 
M accepts a, aa and e. It rejects aab

b.
m accepts e, ab, abab and aba. It rejects abaa.

2.2.2
a.
a*

b. 
e* ( a(ba ( baa)* (b ( ba)

(ab ( aba)*

(* ≠ e 
Definitions:
x,y ( L ( ∑* 
Equivalence between strings

def 1:
x ((L y iff xz ( L ( yz ( L
, for all z ( ∑*

def 2:
x (M y iff there is a state q such that:

(s,x) ⊢*M (q,e)

(s,y) ⊢*M (q,e)

Q is an index here for the equivalence classes

Eq 2: You come from q1 or q3 and it has to end in an a.

[au] = Eq5 
[e]   = Eq1 ( Eq3
[a]   = Eq2
[b]   = Eq4 ( Eq6    

· Number of equivalence classes ( gives a lower bound on the number of states needed. So a machine representing such language needs at least so many states. -> and this lower bound can always be reached

Take the classes in (L as states in the machine!

Then you have the minimum number of states in the machine

A criteria for a language to be regular: It should have finitely many equivalence classes, when that is the case it is a regular language

Equivalence between states:

(q,w) ( AM ( (q,w) ⊢* (f,e) f(F

q(( p

If (z (∑*
(q,z) ( AM ( (p,z) ( AM
Proof of statement on page 98:

Let X1~M y1 and x2~M y2
Hence, x1 and y1 drive M to some q and x2 and y2 drive M to some p.

Now if q ( p then


(q,z) ( AM ( (p,z) ( AM​ gives rise to the relation

x1z (L y1z



( z

x2z (L y2z

x1 , y1 , x2 , y2 are all equivalent with respect to L(=L(M)) so they belong to the same equivalence class of (L
Practical Session
03-03-2009
Answer bonus exercises

a.
(ab*)(ba)* ( aa*[image: image17.png]



b.
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c.
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or:[image: image20.png]



d.
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2.2.6
[image: image22.png]



2.3.1
If you have a non-deterministic machine which accepts string w, then w drives the machine to a final state q1.

Suppose w also drives the machine to state q2 which is not final, than this does not matter. There is a path to a final state for w and this is accepted.

The complement of the machine should not accept w. So we switch final and non-final states. The resulting machine does still accept w in q2, however it should not! That is why M should be deterministic.
2.3.4
a.
[image: image23.png]



b. 
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2.3.5
a.
[image: image25.png]



b.
[image: image26.png]



Lecture 7
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Chapter 4

Turing machines

Finite automata: can only decide regular languages

Turing machines: can decide every language, can perform any task a normal (real life) machine can

( is part of the alphabet

Ц is always part of alphabet

Alphabet always has at least 2 symbols: Ц and (
Need a prescription for all possible steps, otherwise it would not be a function.
Input string should not contain a blank.

Empty string is blank.

( is never used to put somewhere else in the tape.
Ma: can only write an a.

a, L, R are machines

a = Ma
L = M(
R = M(
(
(  R
: occurs when at the beginning

A ≠ Ц: any symbol a ( ∑ that is not a blank, so that can be any symbol meant to be ?

4.2
Computing : transforming strings into strings that accept a language L

A finite automata always rejects or accepts a string. 

A turing machine,  even with two halt states, may fail to halt
Turing machines are more powerful than finite automata
Algorithm: Turing machine that decides a language or computes a function

Semidecides: The machine can go in, but you cannot be sure no solution is possible

Decides: Machine halts, so you are sure

A string is always finite.

Lecture 8

06-03-2009

Algorithms are turing machines

Every recursive language is also recursively enumerable






↓




Can enumerate the object






↓




Can enumerate the strings of a language






↓




Can make a list of the strings in a language (finite or infinite list)

Set of fractions is also enumerable

So why call such language enumerable?

You can enumerate the strings of the language. How?

Always write for a finite number of steps 

0 steps:

add all strings accepted in 0 steps

1 step:

,,
,,
,,
,,
,,

A language that van be semidecided is not always recursive.

Class of recursive languages is closed under 

4.3
All extensions do not extend the computation power. However they can be much faster.


( less


( that was also with deterministic / non-deterministic automata

4.5
Nondeterministic 
-> 
can have several next configuaration





Can increase the speed, but not the power

Computes f:
There may be more halting states, but the outcome of computation should always be the same.

Should be the result of all possible computations

Composite numbers complement of prime numbers.

Lecture 9
12-03-2009

Unbounded function (while loop)
You never know when it stops, never know when stop condition holds.

When there is no such m, then f=0. (m could also have been 0, by the way)

( m [g(n1 , … , nk , m) = 1]

( is minimal value of m, such that g(n1 , … , nk , m) = 1

The program does not always compute a function. It may fail to terminate / hold   -> it is not an algorithm

For special g’s it always terminates -> g is minimizable

 Log(m,n) = (

p[greaterthanequal (n+2) p , n+1]
( - recursive


primitive recursive

The class of primitive recursive functions is a subset of the class of ( recursive functions.

Class of (-recursive functions is the same as the class of recursive languages. Computable by a Turing machine

5.1
A thesis, that is not proved yet is not yet a mathematical statement

A tm semideciding a language is not a good computational device, since it is not an algorithm

TM’s that not always halt are not algorithms.
Algorithm: A TM that always holds.
5.2
A compuatational task that cannot be performed by TM’s is called undecidacble.

UM: initiates the specific machine. (UM -> mixing hardware and software)

Input to UM: “M”: all specifications K,∑, ((, etc.

“w” : input to M itself

[image: image27.png]can be semidecided
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f: Nk -> N, a function is recursive if it can be accepted by some TM

recursive functions ~ recursive languages
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L is recursively enumerable so, there is a TM which semidecides L:

∑*

E

a

b

aa

ab

ba

bb

Take all words ( ∑*  length ≤ 1 and input these into M. Let M carry out 1 step. Some words may be accepted. Remaining words get second chance. All remaining words of length ≤ 2are fed to M, when M is allowed to take 2 steps etc.
So we make a list:

Q1:
Are there recursively enumerable languages that are not recursive?

Q2:
Is the set of recursively enumerable language closed w.r.t. complements?


(If L is recursively enumerable, is the complements also recursively enumerable?)


Answer: no.

Q3:
Do there exists problems for which no algorithm exists?

5.3
Q: halt(P,X): determines whether any program P will halt on X or whether it will run forever

Diagonal (X):

a: if halts(X,X) then go to a, else stop

diagonal(X) halts only when X does not halt on X

5.4

Halting problem for TM

A tm(algorithm) + inputstring(software) “defines” a “problem”

Inputstring for a universal turing machine (u is hardware)
If U decides w then ye problem is solvable (decidable )
If U semidecides w the problem is undecidable -> there doesn’t exist an algorithm

(similar for recursive and non-recursive functions)

Notice: the only way a TM does not solve an instance of some problem is that it keeps looping

Lecture 10 

13-02-2009

Problem with H: the halting problem for turing machines

Proof of theorem 5.4.2

L1 is not decidable

L1=H={“M””w” | turing machine halts on w}

L2 = { “M” : M halts on e}**
Is there a recursive function ((: L1 -> L2 such that x ( L1 if and only if ((x)( L2 ?

Given M and input w.

Construct a TM M that operates as:

Mw , when started an e (s,(, ​Ц) writes w on its tape and next starts to simulate M, or equivalent if w = a1, a2, … , an , then Mw is the machine Ra1 , Ra2 , … , Ran LЦ M***

Function ( is defined as the function that maps x = “M””w to “Mw” (-> description of the machine)

If x ( L1 , i.e. if M halts in w, then ((x) ( L2 , some Mw halts on e and vice versa. (So “Mw” is one of the strings “M” in **)  
( is clearly(as we gave a precise construction of it***) a recursive function, since L1 is not a recursive language it follows that L2 is not a recursive language.

Extra lecture 
17-03-2009

Reductions
     (
L1 ( L2​ with ( recursive function

If L1 is not recursive language then L2 is not recursive language

w cannot be decided by a TM

If L2 is recursive then L1 is recursive.

H = {“M” “w” | TM M halt on w}

 S semdecidable or in other words, H is recursively enumerable

Any recursively enumerable language can be reduced to H.(Complete w.r.t. class of rec. enum. languages)

Chapter 6
(n-1)! Permutations in traveling salesmen problem

Polynomial time:

# of steps ≤ p(n)

N is length of the input: amxn + am-1xn-1 + … + a0
Number of steps is proportional to amount of time.
Feasable algorithms run for a # of steps that is bounded by a polynomial in the length of the input.

Class P is closed w.r.t. taking the complement of a language

Not in P:
E = {“M” “w” | M accept w after at most 2|w| steps}

E(P

Reachability

O(n3) : to constant transitive closure

P contains only languages! So reachability ( P, but the language deciding reachability ( P

So the language deciding reachability ( P.

Euler cycle:

Algorithm is O(n) for each vertex you need the same amount of steps

Hamiltonian cycle:

Not in P! Have to consider all possible permutations of vertices.

Bijection, other word for permutation

Optimization TSP into a decision problem.

Independent set, Clique, no polynomial algorithms known

TSP can be reduced to this problem
Node cover: not known whether polynomial or not.

6.3
X1 v X2 : at least one of the two should be true to be true.

F = {(X1 v X2v X3) ^ (X1) ^ (X2 v X2)}

Answers bonus exercises:

4.1.1
a .
(q0,(aabbba)
 ⊢M (q1, …….) 



  …



  …




⊢M (h,(bbaaabЦ)
4.1.7
K = {q0,q1,h}

∑ = {Ц , (  , a , b}

S = q0
H = {h}

	q
	
	((q,)

	q0
	a
	(q1, ()

	q0
	b
	(q0, ()

	q0
	Ц
	(q0, ()

	q0
	(
	(q0, ()

	q1
	a
	(h,a)

	q1
	b
	(q0, ()

	q1
	Ц
	(q0, ()

	q1
	(
	(q0, ()


4.2.1
a.
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And indicate start position!
( (Цw

4.2.2

a.
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b.
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c.
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d.
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4.2.3
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End machine with [image: image36.png]
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Exercise 1 + 2
Partition: When trying all subsets (2n subsets) it takes an exponential number of time.

Necessary condition: H ( 2+ 

# of steps ≤ O(nH) ( second for loop has H steps in worst case

Dominant steps are in (nested) for loops.

But need to express it in the length of the input.

2n has about n bits in binary system

Input is n 
x   
n = n2
              ↓   

              ↓ 

 N of such inputs     length 1 input

H = O(1/2 n 2n)

# steps = O(n2 2n)

N: n2 ( input = O(N)


# steps = O(N 2(N)


So no partition ( P

When expressing in other number system it is still not in P. 
Complexity only differs in a constant rhythm: length of representation are constant multiples of each other.

[image: image39.png]10log s
P



  = [image: image41.png]log2
log 10




Unary: as many positions needed as the value represented

Complexity becomes polynomial, but that is because input is large.

In practice P doesn’t mean that much in your calculation.

k=O(n)
# steps ≤ an + b



a = 10100 ( takes a very large n before 2n becomes > an + b



# steps ≤ 2n
In practice it can fool you when having large constants.

Satisfiability : not in P

Special case:

2-statisfiability: all clauses 2 or less literals

Purge: eliminating variables that are forced to be true.

Can be done in polynomial time.

For each variable at most two purges.

p(n): time for a purge

# 2n p(n) = p’(n)

Why not possible for 3-satisfiability?

 Per clause you have to make a choice, after pushing one to be T or (. Because 2 remain.
So it is exponential in number of clauses.

3-satisfiablity not in P!

P (EXP

H = {“M” “w” | M accepts w after at most 2|w| steps}

H ( P, but H ( EXP

Is there a class between P and EXP? ( Not known for sure yet.

Hamiltonian, TSP, indep. Set partition, satisfiability appear not to be in P, but how to prove?

Non-deterministic  TM : more powerful than deterministic TM

            ↓

Decides L iff:


X ( L: all computations reject x


X ( L: at least one computation accepts x

Satisfiability and all problems mentioned before are in NP.

Deterministic machines are also non-deterministic machines, so P ( NP

Is P = NP?

P  ( NP ( EXP

Not possible, because P ( EXP

So we have:


P ( NP ( EXP


P ( NP ( EXP


P ( NP( EXP
4.7.2
Primitive? (-recursive?

b.
gcd(m,n) = (m,n)


Assume m ≥ n without loss of generality


gcd(m,n) = [image: image43.png]{n sif rem(m,n) =
gcd(n, rem(m,n)), otherwise



 


gcd(m,n) 
= id1(n) * iszero(rem(m,n)) + (1-iszero(rem(m,n))) * gcd(n,rem(m,n))




= mult (id1(n), iszero(rem(m,n))) + mult(1-iszero(rem(m,n)),gcd(n,rem(m,n)))




Still not official , steps are not 1 in the equation !

Need also a 3-ary finite construction from m to m ( not primitive recursive
c.
m | n iff equal (rem(n,m),0) = 1


rem(0,n) = 0


rem(m+1,n) = [image: image45.png]{n if equal (rem(m,n), pred(n))

rem(m,n) +1





rem(m,n) = [image: image47.png]


 or remaining of [image: image49.png]




m is numerator

Smallest divisor of n at least > 1


f(n) = (
m [equal(rem(n,m+2),0)=1]


smallest divisor(n) = plus(f(n),s)


prime(n) = equal(smallestdivisor(n),n)


It is [image: image51.png]


 - recursive ( so not primitive recursive

d.          P(n) = nth prime number n ≥ 0

P(0) = 2


P(n+1) 
= smallest prime > P(n)



= ( m [m is prime ^ m > P(n)]



= ( m [prime(m) ^ m > P(n)]



= ( m [prime(m) * greaterthan(m,P(n))]**



= = (-recursive definition

** the function between square brackets is certainly minimizable!

4.7.3
Let f be a (-recursive function and let f be bijection

Define h(n) = ( m [f(m) = n]

Such an m exists since f is bijection for every n ( N
So h is really a minimizable function!

Furthermore, h = f-1
Since (hf )(m) = m

So f-1 is a (-recursive function
Lecture 12
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4.7.2
Gcd(12,9) = 
3

Lcm(12,9) = 
36 x


108 (=12 x 9)

Gcd(m,n) x lcm(m,n) = m x n

Mathematical definition of lcm:

Lcm(m,n) = min {y | m | y and n | y}

Recursive definition:

Lcm(m,n)
 = ( y[rem(y,m) ^ rem(y,n) = 0 ]



= ( [iszero(rem(y,m)) * iszero(rem(y,n))]

Gcd(m,n)
= div(mult(m,n),lcm(m,n))

So gcd(m,n) is (-recursive

Lecture 13
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B is at least is hard as A

    (
A ( B

B undecidable ( B undecidable 

B decidable ( A decidable

Now assume ( is polynomially computable

A( EXP(or higher) ( B ( EXP(or higher)

A ( NP ( B ( NP


A



B

Hamiltonian cycle
(
Satisfiability


NP

(

NP

You can reduce a lot of problems to satisfiablitily

If you can solve satisfiability in polynomial time, then you can solve other ones also in polynomial time.

i. Two machine scheduling: n tasks on 2 machines, n execution times, Deadline D

ii. Knapsack

iii. Partition

There exist 6 polynomial reductions.

Because i is at least as hard as ii, ii at least as hard as i etc.

· Knapsack ( partition

Take instance of knapsack

k=H Just erase k from input

k (H: we add 
an+1 = 2H + 2k



an+2 = 4H

· Conider as instance of partition

· Partition knapsack
equivalent

NP-complete:

i. L ( NP

ii. ( L’ ( NP there is a polynomial reduction from L’ to L
So L is the most difficult to decide in NP

7.2
2 NP-complete problems are equivalent ( can both be reduced to each other

Unbounded tiling is unsolvable

Bounded tiling is NP-complete

You can reduce any NP problem to bounded tiling

Lecture 14
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Satisfiability ( NP
NP-complete

2- Satisfiability ( P

3-Satisfiability ( NP
NP-complete

3- Satisfiability is equivalent to Satisfiability
3- Satisfiability is part of Satisfiability

Reduce Satisfiability to 3- Satisfiability

Start from set of classes and derive a set of classes with 3 variables in it.

Each class has 2 new var’s and 1 old(except first and last)

Reduce to 3-sat, because easier to do.

MAX Sat

(
Sat
( MAX Sat
So MAX Sat is NP-complete, so MAX Sat can be trivially reduced to 3-Sat
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